
An improved approximation algorithm for the metri
 maximum
lustering problem with given 
luster sizesRefael Hassin and Shlomi Rubinstein1Abstra
tThe input to the metri
 maximum 
lustering problem with given 
luster sizes
onsists of a 
omplete graph G = (V;E) with edge weights satisfying the triangle inequality,and integers 
1; : : : ; 
p. The goal is to �nd a partition of V into disjoint 
lusters of sizes 
1; : : : ; 
p,maximizing the sum of weights of edges whose two ends belong to the same 
luster. We des
ribean approximation algorithms for this problem with performan
e guarantee that approa
hes 0.5when the 
luster sizes are large.Keywords: Approximation algorithms, maximum weight 
lustering.1 Introdu
tionIn this paper we approximate the metri
 maximum 
lustering problem with given 
lustersizes. The input for the problem 
onsists of a 
omplete graph G = (E; V ), V = f1; : : : ; ng, withnonnegative edge weights w(i; j), (i; j) 2 E, that satisfy the triangle inequality, and 
luster sizes
1; : : : ; 
p, where Ppi=1 
i � n. The problem is to partition V into sets of the given sizes, so thatthe total weight of edges inside the 
lusters is maximized.In [3℄ we gave a approximation algorithm whose error ratio is bounded by 12p2 � 0:353. In [4℄ weimproved this result for the 
ase in whi
h 
luster sizes are large. In parti
ular, when the minimum
luster size in
reases, the performan
e guarantee in
reases asymptoti
ally to 0.375. Spe
ial 
ases,with and without the metri
 assumption, were 
onsidered in [1, 2, 5, 6℄.In this paper we present a randomized �12 � 3k�-approximation algorithm for the problem, wherek is the size of the smallest 
luster. Thus, for large 
lusters the bound is asymptoti
ally 12 , as thebest known asymptoti
 bound for the same problem but with identi
al 
luster sizes [2℄.A p-mat
hing is a set of p vertex-disjoint edges in a graph. A p-mat
hing with p = bn2 
 is
alled perfe
t. A greedy p-mat
hing is obtained by sorting the edges in non-in
reasing order of theirweights, and then s
anning the list and sele
ting edges as long as they are vertex-disjoint to thepreviously sele
ted edges, and their number does not ex
eed p. In a graph with k verti
es, a perfe
tmat
hing has k2 edges if k is even, and k�12 edges if k is odd. For a mat
hing M we denote by V (M)1Department of Statisti
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its vertex set and by E(V (M)) the edges in the subgraph indu
ed by V (M). For a set of edges Fwe denote by w(F ) the sum of weights of the edges in F . We will use the following property on aperfe
t mat
hing in a metri
:Lemma 1 Consider a 
omplete graph G0 = (V 0; E0) with k verti
es, and a metri
 we e 2 E0. LetM 0 be a perfe
t mat
hing on G0. Then w(M 0) � 2kw(E0):Proof: Suppose �rst that k is even. By the triangle inequality, w(v; a) + w(v; b) � w(e) forevery e = fa; bg 2 M 0 and v 2 G0 n e. Summing over all su
h v and e gives 2[w(E0) � w(M 0)℄ �(k � 2)w(M 0), or w(M 0) � 2kw(E0):Similarly, if k is odd then we sum twi
e the edges in
ident with the vertex u that doesn't belongtoM 0 to obtain 2[w(E(V (M 0))�w(M 0)℄+2Pv2V (M 0) w(u; v) � kw(M 0) giving w(M 0) � 2k+2w(E0):For i � �n2 �, we denote by Mi a maximum i-mat
hing. Thus, jV (Mi)j = 2jMij.Lemma 2 It is possible to 
hoose the maximum mat
hings fMig so that V (M1) � V (M2) � � � � �V (Mbn2 
).Proof: The proof is by indu
tion on i. Suppose that there exists v 2Mi nMi+1, then Mi [Mi+1
ontains an alternating path P with end vertex v. In parti
ular, jP \ Mij � jP \ Mi+1j. IfjP \Mij = jP \Mi+1j then by the optimality of Mi and Mi+1 these two sets must have identi
alweight. We 
an swap the edges of P \ Mi+1 by those of P \Mi and obtain a new maximum(i+ 1)-mat
hing that uses v. If jP \Mij = jP \Mi+1j+ 1 then there must be another alternatingpath P 0 su
h that jP 0\Mij+1 = jP 0\Mi+1j. Again, by the optimality of Mi and Mi+1 the weightof (P \Mi) [ (P 0 \Mi) and (P \Mi+1) [ (P 0 \Mi+1) must be the same. We 
an swap the edgesin both paths to obtain a new maximum (i+1)-mat
hing that uses v. Repeating this step, we endup with a maximum (i+ 1)-mat
hing whose vertex set 
ontains V (Mi).2 The algorithmLet the 
luster sizes be ordered so that 
1 � � � � � 
p. Denote q = � 
12 �.AlgorithmMetri
 is presented in Figure 2. The algorithm partitions V into layers, L1; : : : ; Lq+1.The last layer, Lq+1, 
onsists of a single vertex for ea
h of the odd-sized 
lusters. Ea
h of the �rst qlayers 
onsists of pairs of verti
es, one pair for ea
h a
tive 
luster. A 
luster is a
tive if the number2



L1L2L3L4L5L6 C1 C2 C3 C4

Figure 1: The layer stru
ture: An example with n = 30, (
1; : : : ; 
4) = (11; 8; 8; 3), (r1; : : : ; r5) =(1; 3; 3; 3; 4), (m1; : : : ;m5) = (1; 4; 7; 10; 14), q = 5, and Sodd = f1; 4g.of yet unassigned verti
es (rounded down to an even integer) for this 
luster is maximal among all
lusters.2 The number of a
tive 
lusters grows during the general (that is, ex
luding the last) stepsof the algorithm, till they all be
ome a
tive. During the j-th iteration, the algorithm 
omputesa maximum mat
hing of size mj. The in
rease, rj = mj � mj�1, in the size of this mat
hing,is equal to the number of a
tive 
lusters. The newly used verti
es, Lj = V (Mmj ) n V (Mmj�1),are distributed among the a
tive 
lusters, two to ea
h 
luster. This distribution is done randomly.When the algorithm terminates, all 
lusters rea
h their sizes. Figure 2 illustrates the layer stru
ture.Let Wj = w(Mmj ) denote the weight of the maximum mj-mat
hing.The main step of the algorithm randomly distributes pairs of verti
es from the new layer amongthe a
tive 
lusters. The next lemma gives a lower bound on the expe
ted weight added to thesolution by this allo
ation.Lemma 3 Consider v 2 Lj+1, j 2 f1; : : : ; q � 1g. Let �v be the expe
ted weight of the edges
onne
ting v and verti
es from V (Mmj ) in the 
luster to whi
h v is added. Then, �v � Wjrj+1Proof: Consider an edge fv; ug where u 2 V (Mmj ). The probability that this edge 
ontributes its2C1 is always a
tive and therefore the number of su
h layers is q.3



Metri
input1. A 
omplete undire
ted graph G = (V;E) with a metri
 w(e), e 2 E.2. Integers 
1 � � � � � 
p su
h that Pi 
i � jV j.returnsClusters C1; : : : ; Cp su
h that jCij = 
i.beginq := � 
12 � :Ci := ;, i = 1; : : : ; p.ai := 2 � 
i2 �, i = 1; : : : p.Sodd := fi : ai = 
i � 1g.m0 := 0.for every j = 1; : : : ; qrj := maxfi : ai = a1g. [Clusters C1; : : : ; Crj are a
tive.℄mj := mj�1 + rj.Compute a maximum mj-mat
hing Mmj su
h that V (Mmj�1) � V (Mmj ).Lj := V (Mmj ) n V (Mmj�1). [Lj is a layer.℄Randomly partition Lj into pairs and add one pair to ea
h a
tive 
luster.ai := ai � 2, i = 1; : : : ; r.Randomly sele
t a yet unused vertex to ea
h Ci, i 2 Sodd.return C1; : : : ; Cp.end Metri
 Figure 2: Algorithm Metri
weight to �v is 1rj+1 sin
e there are rj+1 a
tive 
lusters and v is inserted to ea
h of them with equalprobability. Therefore, �v = 1rj+1 Xu2V (Mmj )w(v; u): (1)Consider an edge e = fa; bg 2 Mmj . By the triangle inequality, w(v; a) + w(v; b) � w(e):Summation over e 2Mmj gives Xu2V (Mmj )w(v; u) �Wj:With (1), this inequality proves the 
laim.Consider an optimal solution OPT with 
lusters O1; : : : ; Op of sizes 
1; : : : ; 
p, respe
tively. Fori = 1; : : : ; p and j = 1; : : : ; � 
i2 �, let Gi;j be a greedy j-mat
hing on Oi su
h that Gi;1 � � � � �Gi;b
i=2
. Let w(Gi;j) denote the weight of Gi;j, and let ei;j = Gi;j nGi;j�1, be the j-th edge addedto the greedy mat
hing in Oi.Lemma 4 Consider a vertex v 2 Oi n V (Gi;j). Let �v denote the weight of the edges 
onne
ting vand V (Gi;j). Then, �v � 2w(Gi;j): 4



Proof: Consider an edge e = fa; bg 2 Gi;j . Sin
eGi;j is a greedy mat
hing, w(a; b) � w(v; a); w(v; b),and thus w(v; a) + w(v; b) � 2w(a; b). Therefore,�v = Xf2V (Gi;j)w(v; f) � 2 Xe2Gi;j w(e) = 2w(Gi;j):
Theorem 1 Let k = 
p > 6. Algorithm Metri
 returns a �12 � 3k�-approximation.Proof: Let apx denote the expe
ted weight of the solution returned by the algorithm. Then,apx � q�1Xj=1 Xv2Lj+1 �v� q�1Xj=1 2rj+1 Wjrj+1= q�1Xj=1 2Wj : (2)The �rst inequality follows sin
e the summation is over a subset of the edges of the approximatesolution. The se
ond inequality follows from Lemma 3 and sin
e jLj+1j = 2rj+1.Let GR = Spi=1Gi;b
i=2
, and for i 2 Sodd let fvig = V (Oi) n V (Gi;b 
i2 
) be the vertex left outby the greedy algorithm in Oi. Denote by opt the value of an optimal solution. Then,opt = pXi=1 b 
i2 
�1Xj=1 Xv2ei;j+1 �v + Xi2Sodd �vi + w(GR)� pXi=1 b 
i2 
�1Xj=1 Xv2ei;j+1 2w(Gi;j) + Xi2Sodd 2w(Gi;b
i=2
) + w(GR)� pXi=1 b 
i2 
�1Xj=1 4w(Gi;j) + 3w(GR)� 4 q�1Xj=1Wj + 3w(GR): (3)The equality holds sin
e the summation over all �v adds up the total weight of edges in OPT ex
eptfor those in GR. The �rst inequality follows from Lemma 4. The se
ond inequality follows fromthe de�nition of GR and sin
e ea
h ei;j has exa
tly two verti
es. The third inequality is proved asfollows: Denote by �i;j the number of times, from the �rst j iterations, that 
luster i was a
tive.33For example, in Figure 2 we have �1;1 = 1 but �2;1 = �3;1 = �4;1 = 0. Also, �1;2 = 2; �2;2 = 1, et
.5



Denote Gj = SGi;�i;j (where Gi;0 = ;). Thus, Gj is an mj-mat
hing that 
ontains from ea
h
luster a greedy mat
hing with the same number of verti
es as it 
ontains after the j-th iterationof Algorithm Metri
. Sin
e Gj is an mj-mat
hing, and Mmj is a maximum weight mj-mat
hing,w(Gj) � w(Mmj ) =Wj . Therefore, Ppi=1Pb 
i2 
�1j=1 w(Gi;j) =Pq�1j=1 w(Gj) �Pq�1j=1Wj :Using Lemma 1, we get that w(Gi;b 
i2 
) � 2
iw(Oi) � 2kw(Oi); and thereforew(GR) = pXi=1w(Gi;b 
i2 
) � 2kopt:Substitution in (3) gives opt �1� 6k� � 4Pq�1j=1Wj. With (2) this gives apx � �12 � 3k� opt:Referen
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