APPROXIMATIONS FOR THE MAXIMUM ACYCLIC SUBGRAPH
PROBLEM-*

Refael Hassin and Shlomi Rubinsteint

Abstract: Given a directed graph GG = (V, A), the maximum acyclic subgraph problem is to
compute a subset, A’, of arcs of maximum size or total weight so that G’ = (V, A’) is acyclic. We
discuss several approximation algorithms for this problem. Our main result is an O(|A| + d2 )

algorithm that produces a solution with at least a fraction 1/2 4 Q(1/v/dqz) of the number of arcs
in an optimal solution. Here, d,,4; is the maximum vertex degree in G.

1 Introduction

Given a directed graph G = (V,A), V = {1,...,n}, with arc weights w;; > 0 (¢,7) € A, the
mazimum acyclic subgraph problem is to find a subset A’ C A such that G’ = (V, A’) is acyclic
and w(A') = 3 (; jyear wij is maximized. An alternative statement of this problem (the minimum
feedback arc set problem) requires to find a minimum weight subset A” C A such that every
(directed) cycle of G contains at least one arc in A”. The problem is NP hard [Kp]. It belongs
to the class of “edge deletion problems” [Y, M]. It has been shown to be complete for the class
of permutation optimization problems, M AX SN P[r], defined in [PY], that can be approximated
within a fixed error ratio.

The problem is polynomially solvable when G is planar ([L, Kv, Fr] and Ch. 8.4 in [GLS]). The
best complexity of these algorithms is O(n?) [Gal] and O(n®/?log(nW)) where W is the largest
magnitude of an arc weight (and the weights are assumed to be integral) [Ga2]. The problem is
also polynomially solvable for the more general class of K5 3-free graphs [PN] and the classes of
reducible flow graphs [Ram] and weakly acyclic graphs [GJR]. A variation of the problem in which
the objective is to minimize the greatest outdegree of a vertex in the subgraph (V, A”) can be solved
in linear time [LS].

The problem has a variety of applications such as ordering alternatives by group voting, deter-
mining of a hierarchy of the sectors of an economy, determining ancestry relationships, analysis of
systems with feedback, and certain scheduling problems [F1, J, Ram]. Flood [F1] used the relation
of the problem to quadratic assignment for developing an efficient branch-and-bound algorithm.
Jinger [J] studied the acyclic subgraph polytope.

The maximum acyclic subgraph and minimum feedback arc set problems are equivalent with
respect to their optimal solution. However, bounded error polynomial approximations are known
only for the maximum acyclic subgraph version. The simplest algorithm is the following [K]: Let
Ay ={(i,j)e A|i<j}, Ay ={(i,j) € A |i> j}. Clearly, both (V, Ay) and (V, Ay) are acyclic
and, since Ay U Ay = A, max{w(A;), w(Az)} > 0.5w(A). Therefore, it is a 0.5 approximation for
the problem. Note that the algorithm has linear complexity.

Korte and Hausmann [KH] proved that the greedy algorithm (i.e., construct a solution by
repeatedly selecting the arc of maximum weight that does not form a directed cycle with the
already chosen arcs) does not guarantee any fixed error ratio.

A more sophisticated algorithm for the unweighted problem was proposed by Berger and Shor
[BS]. They note that without loss of generality we can assume that G has no cycles of length
2, since any bound that can be achieved under this assumption can also be achieved without it
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by a simple modification of the algorithm. They then develop an algorithm producing an acyclic
subgraph of at least (1/2 + Q(1/v/dpnax))|A| arcs, where d,q, is the maximum vertex degree of G.
Even when cycles of length two exist, the solution contains at least a fraction (1/2+ Q(1/v/dpaz))
of the number of arcs in an optimal solution. The running time of the algorithm is O(]A||V]).

In this paper we examine a variety of algorithms for the problem. Our main contribution is an
algorithm for the unweighted problem that guarantees a bound similar to that achieved by Berger
and Shore, but with time complexity O(|A|+d2,,,) which is better than O(]A|[V]) in certain cases.

maxr

2 Inducing a solution from a permutation

Call an acyclic subgraph of G mazimal if it is not strictly contained in another acyclic subgraph
of GG. Since we assume that the arc weights are positive, the maximum acyclic subgraph is also
maximal.

A permutation m of {1,...,n} induces an acyclic subgraph G = (V, A,), where A, = {(¢,7) €
A |n(7) < w(j)}. Note that G» may not be maximal if it is not connected. However every maximal
acyclic subgraph of GG is induced by some permutation. (One can always renumber the vertices of
an acyclic graph so that each arc (4, 7) in it satisfies ¢ < j, and if the graph is maximal then it is the
one induced by this permutation.) Therefore, the maximum acyclic subgraph problem is exactly
the problem of computing a permutation whose induced subgraph is of maximum weight.

We first describe a prototype algorithm that generates a permutation, 7, such that w(A,) >
0.5w(A). For i € V and 5 C V, let wi™(§) = 3 ;c5wji, wi* () = 3 ;c5 wij-

Algorithm 2.1

1. Set S=V, =1, u=n.

2. Choosei € 5. Set § «— S\{i}. Ifwi™(S) < wi(S), set w(i) = £, L — (+1. I[fw(S) > wf*(9),
set w(i)=u, u—u—1.

3. If u>{ go to Step 2. FElse, stop and oulput .

The weight of the arcs preserved by the algorithm is at least one half of the total weight of A
since this property holds in every iteration with respect to the arcs incident with vertex 7 in the
subgraph induced by §.

3 Randomization

The difficulty in obtaining a bound of more than 0.5 on the error while applying simple constructive
algorithms arises when wi(.9) = w?“!(9) for many vertices. We will try to overcome the difficulties
associated with such a situation and improve the bound for the unweighted problem by treating
the maximum vertex degree in the graph as a parameter.

We start by presenting a randomized algorithm. It is different from the one suggested by [BS]
but achieves a similar bound. We assume, without loss of generality, that GG contains no cycles of
length 2. If it contains cycles of length 2 then, as done in [BS], they can be temporarily removed
before the algorithm is executed. Any permutation will induce a graph with exactly one arc from

each such cycle.

Algorithm 3.1
1. Partition V' into two subsets V1, V5 by assigning each vertex to each subset with probability 0.5.
Let A, ={(i,7) : i,j € V.. Execute Step 2 forr =1,2.



2. Form a permutation w, of the vertices in V, by applying Algorithm 2.1 to (V,, A,). The vertices
are selected in increasing order of their indices.

3. Define the final permutation by choosing between (71, 72) and (72, 71) the permutation inducing
a subgraph with the larger number of arcs.

Theorem 3.2 Let APX be the expected number of arcs in the solution computed by Algorithm 3.1.
Then

1
APX = (0.5+ Q( - )IA].
Proof: Consider a vertex ¢ € V,.. Let
D =(j,1) € ¢j>i|,
Dyt =|(i,5)e A ¢ >l
di = (4,4 : J€V7«7j>i|,
47t = \(ij) : 5 € Ve j > il

The random variable d'* is Binomially distributed with parameters (0.5, D{*). The reason is
that for each arc incident with ¢ there is a probability of 0.5 that its other end is also in V,.. Similarly,
d?"" is Binomial with parameters (0.5, D?%).

Without loss of generality assume that D > D¢, For a > 0,

P = Pr(|d" — d? > a) > Pr(d™ — d?" > a).

Since, by our assumption, G contains no cycles of length 2, d* and d?* are independent random
variables. Consider two independent Binomial random variables, Xy, Xy each with parameters

(0.5, Di™). Then,
P> Pr(X; - Xy >a)> Pr(X; > 05D +a, Xy <0.5D) = 0.5Pr(X; > 0.5D" + a),

where the first inequality follows from our assumption that Df” > D¢, Setting a to the standard

deviation of Xy, a = % Df”, we obtain that for some constant ¥, 3 > 0,
Pr(|di* — d?"| > a) > j.

Let D; = D™ + D¢ then, D™ > D;/2 and a = Q(v/D;) = UD;/VD;) = UD;i /Ao )-
Step 2 assigns vertex ¢ to the next lower or higher position in the permutation according to the
sign of the difference d!* — d?**. The total number of arcs induced by 7, is

Z max dzn dout)

0 K3

1€V
dzn dout 1 .
= (S Sl )
ZGVT
= 0.5]A,| + 0.5 > [d" — dg™.

ieVr

{For a binomial variable X with parameters (p,n) such that p < 0.5, the probability p, = Pr(X —np >
np(1 — p)) is positive for all values n. It converges to a positive limit, by the central limit theorem, and hence the

infimum of p, over n = 1,2, ... 1s positive.



We conclude that the expected number of arcs induced by 7, satisfies

APX, _05|A|—|—QZ
V max

Since, Y, D; = |A|, it follows that
Al
\% dmal’

Step 3 of the algorithm orders the two partial permutations so that the resulting induced
subgraph contains at least half of the arcs connecting vertices in V7 with vertices in V5. The

APXy + APXy = 0.5(|Ay| + |As]) + Q(—=m).

theorem now follows.
m

Remark 3.3 The expected number of arcs induced by the algorithm is also (0.5 + Q(1/d))|A|
where d = 2|A|/n is the average degree in . This bound results since the expected number of
arcs, in addition to 0.5| A| gained in Step 3 is at least one per vertex. This bound can be better
than the one stated in the theorem when the average degree is bounded while the maximum degree
isn’t.

4 Derandomization

We now describe the details necessary for an efficient execution of derandomization through the
method of conditional probabilities (see, for example, [AS]). Using this method we turn our ran-
domized algorithm into a deterministic one with the same performance guarantee.

Instead of randomly generating V7, V5 in Algorithm 3.1, the method assigns successively a vertex
at a time to one of the subsets so that the expected size of the solution obtained by continuing
randomly from this point on is maximized. The reason is that the expected size of the random
solution is the average of the two expectations obtained conditioned on the assignment of the
current vertex. Assigning to the set giving the larger value guarantees at least the unconditional
expected value.

Note, from the proof of Theorem 3.2, that the term Q(\/—))|A| comes from the analysis of

the expected number of arcs obtained within the sets V7 and V;. Step 3 of Algorithm 3.1 guarantees
half of the arcs between the sets (and if we just consider expectations then both (71, 72) and (72, 71)
are suitable for satisfying the theorem). We will now show how the above term can be guaranteed
deterministically. With Step 3, the complete solution will have (0.5 + Q(\/d}nj)ﬂfﬂ arcs.

Suppose that each of the vertices 1,..., k— 1 has already been assigned to V; or V5. We will now
show how to compute efficiently the expected number of arcs within these sets obtained by Step 2
of Algorithm 3.1, when Vi, V5 are completed by randomly assigning the vertices k,...,n. As in the
proof of Theorem 3.2, we associate each arc with its lower index vertex.

Consider a given vertex ¢ € {1,...,k — 1}. Suppose that it has been assigned to V,. Clearly,
Algorithm 3.1 guarantees that the approximate solution will contain at least one half of the arcs
within V, which are associated with z. We are interested now in computing the expected number
of additional such arcs that will be contained in our solution, given the initial assignment of the
first k& — 1 vertices. Let E(x;,y;, z;) denote the expected number of such additional arcs, where

vi=10J,1) » JEV, i< <kl = |(i,7) : JEV, 1< j <K
zi=|(t,7) + j >k



Then,
E(z,0,0)=05|z|, 2 = ...,—2,-1,0,1,2, ...,

and the other values can be computed recursively by

E(z,y,0)=05FE(z+ 1,y —1,0)+ 0.5F(z,y— 1,0),
E(z,y,z)=05F(z,y,z— 1)+ 0.5E(z — 1,y,z— 1), z>1.

The recursion can be applied by computing F(z,y,0) for y fixed and all values of z, starting
with y = 0 and then y = 1 and so on. Then F(z,y,2) is computed for z fixed and all values of
x,y, starting with z = 1 and then z = 2 and so on. The overall effort in computing these values
for @ = —dpazs oo dpazy Y = 0y eeesdipany 2 = 0, ooy dyay is O(d2,,,.), where d,q, is the maximum
vertex degree in (.

The expected gain at the arcs associated with a vertex ¢ > k is simply F(0, y;, z;).

Note that the above expectations are valid independently of the order by which vertices are
considered for joining the two sets.

The expected solution size, conditioned on a given partial assignment of vertices into the two
subsets is 0.5|A| + Zf;ll E(xn,yizi) + Yoy (0, yi, 2:).

Whenever an unassigned vertex is considered, the two alternatives for assigning it are compared.
Fach alternative affects the (,y, z) values of its neighbors, and then the preferred assignment is
made and the revised values of the neighbors are determined. The total effort for making these
revisions and comparing the expected solution values associated with the two alternatives of each
vertex at its turn are altogether O(|A|).

Thus altogether, computing the E values, determining the assignment to the two sets, and the
execution of Steps 2,3 of Algorithm 3.1 take O(d3,,, + | 4]).

5 Constructive Algorithms

We mentioned that a 0.5 approximation can be obtained by comparing the graphs defined by any
permutation and its reverse. We can further show that a better bound cannot be guaranteed
by selecting any polynomial set of permutations (independent of the particular instance of the
problem) and then comparing the solutions they induce. Therefore, we now turn to investigate
procedures that construct a permutation while taking into account the data of the given instance
of the problem.

Our basic tool is Algorithm 2.1. Note that it doesn’t specify the order by which vertices are
examined in Step 2. We will consider some “attractive” rules for examining the vertices, and
describe a “bad example” for each. All the bad examples describe unweighted instances.

Recall that wi"(5) = 3 ;c5 wji, wf* () = Y .cs wij. Let Wi(5) = max{w!™(S), wy*(S)}. Our

first rule gains at each iteration the maximum possible weight:
Algorithm 5.1 In Step 2 of Algorithm 2.1, choose the vertex i € S with the largest W;(5).

Example 5.2 Let n =2k +1and A={(j,k+1)j=1,..,k}U{(k+1,))j=k+2,....2k+ 1}.
The graph is acyclic and the optimal solution contains A. However, Algorithm 5.1 will start by
choosing k + 1 and assign 7(k 4 1) to either 1 or n, thus losing half of the arcs.

Let w;(S) = min{w!™(9), w?*(S)}. Our second rule is similar to that used by Lin and Sahni

K3
[LS] to solves their bottleneck problem. It minimizes at each iteration the weight of lost arcs:

Algorithm 5.3 In Step 2 of Algorithm 2.1, choose the vertex ¢ € S with the smallest w;(.5).



Example 5.4 Let n = k2, V = ViUV, U ..UV, where V; = {(i — 1)k + 1,...,ik} i = 1,...,k}.
Let A ={(p,q)lpeVig€Viz1 i=1,....k =1} U{(p,¢)lp € Vi, q € V1}. Note that A\ {(p,q)|p €
Vi,q € Vi} is acyclic and the optimal solution contains k?(k — 1) arcs. However, the following
sequence of selections by Algorithm 5.3 is possible. Initially, S = V and w;(S) = k Vi € V. Set
(1) = 1. Now, S = V \ {1}, wi(5) = k — 1 for the vertices ¢ in V; and Vj, while w;(5) = k for
all of the other vertices of S. Vertex k + 1 € V3 may be the next to be selected and 7(k+ 1) be
set to 2. The candidates for selection are now the vertices in Vq, V5, V3 and Vi. The algorithm may
set now 7(2k + 1) = 3, then 7(3k+ 1) = 4 and so on till 7((k — 1)k 4 1) is set to k. There are
k — 1 vertices left now in 5 from each set. The algorithm may proceed selecting the vertices in
the following order: (2,k + 2,2k +2,...,(k— 1)k + 2,3,k + 3,...). This way the solution obtained
contains the k%(k + 1)/2 arcs of the form (ik + 7, (¢ + 1)k + €) for £ > j. Asymptotically this is just
half the optimal number.

Let ;(5) = |wi(9) — w¢™(9)|. Our third rule maximizes at each iteration the excess of gained
weight over the lost weight:

Algorithm 5.5 In Step 2 of Algorithm 2.1, choose the vertex i € S with the largest w;(.59).

Example 5.6 Let n = 2k +3, A= {(j,k+ 1) j=1,..,k}U{(k+1,j)j =k +2,....,2k + 3}.
Then vertex k + 1 initially has @y41(V) = 2 while all the other vertices have @;(5) = 1. Hence,
k 4+ 1 will be the first to be chosen by Algorithm 5.5 and the number of lost arcs in the solution is
asymptotically |A]|/2.

wi'(S)  w(S)

Let 7;(9) = max{ W) W (3)
gained weight to the lost weight:

}. Our fourth rule maximizes at each iteration the ratio of

Algorithm 5.7 In Step 2 of Algorithm 2.1, choose the vertex i € S with the largest r;(5).

Example 5.8 Consider again the graph of Example 5.4. An optimal solution consists of k%(k — 1)
arcs, for example {(¢,7) | i € Vi,j € Vi1, £ = 1,...,k— 1}. Algorithm 5.7 may choose a vertex
from Vi, then from V3, Vs, ..., Vi_o, and then in a cyclic order of the sets, starting from Vi_y two
vertices from each subset. The chosen permutation is described for £ = 6 in the following table:

Vi Vp Vs Vi Vs Vg
12 3 4 5 7
9 11 13 15 6 8
10 12 14 16 17 19
21 23 25 27 18 20
22 24 26 28 29 31
33 34 35 36 30 32

This permutation induces a solution with k(k 4 1)/2 arcs going from a vertex in V7 to a vertex in
Vi for £ = 1,.... k. The total number of arcs chosen by Algorithm 5.7 is k*(k+1)/2, and the ratio
of the optimal to the approximate solutions is asymptotically 0.5.

We now describe a different approach to constructing a permutation. Instead of determining
the exact value of 7(7) in Step 2, we only determine the relative location of ¢ with respect to the
vertices that were already examined. Thus, at each stage we are given a (total) order on the set
Q =V \ 5. We choose i € 5, and select for it the best location with respect to that order. At any
given point of the execution of the algorithm, let < denote the order defined on the subset of V'
scanned so far. In particular k£ < 7 means that k is either j or a vertex assigned to precede j.



Algorithm 5.9
1. Choose (i,j) € A. Set Q ={t,5},1 <7, 5=V\Q.
2. Suppose that this step is reached with an order < of Q). Choose i € S and set S — S\i. Compute

for each j € Q
D=3 wpi+ Y. wi

E|k<j k|j<k

Set Do = 3 jeqwij- Let Dy =maxD; j € Q. If Dy > Do extend < by adding v so that it is the
immediate successor of L. If Dy < Dg, extend < by adding i as the first element.
3. If S = ¢, stop. Else, set Q — Q U {i} and go to Step 2.

Example 5.10 Let A = {(1,n)}U{(n,j)j=2,...,n—1}U{(j,1)j=1,...,n—1}. If Algorithm
5.9 starts with (1,7n) then at least half of the other arcs must be lost. Thus the outcome is n — 1
arcs while the optimum solution contains the 2(n — 2) arcs in A\ (1,n).

6 Local search

The general idea of a local search involves a definition of a neighborhood for each feasible solution
of the problem. Then, the current solution is replaced by a better solution from its neighborhood
if such a solution exists. Else, the algorithm stops with the current (“locally optimal”) solution.

We find it natural to define neighborhoods with respect permutations. Let V. denote the
neighborhood of =.

Algorithm 6.1 Apply local search with V, defined as follows: ©' € V. if for some j # k ' =
(T4 ooy Ty Thy Tty ooy Thety Thapds oo )s OF T = (M1 ey The s Thabd s ooy Tjo Thy Ty o)

In other words, 7} is obtained from 7 by changing the position of one vertex. For example,
(1,2,3,6,4,5,7) and (1,3,4,5,2,6,7) are in the neighborhood of (1,2,3,4,5,6,7).

Algorithm 6.1 is a 0.5 approximation. We prove this claim by showing that any solution that
contains less then half of the total arc weights cannot be induced by a locally optimal permutation.
Such a solution must have at least one vertex such that the total weight of the arcs incident with
it in the induced subgraph is strictly less then one half of the total weight of the arcs incident with
it in . But in this case a better permutation can be obtained by moving this vertex to either
the first or the last position (one of these options will add more weight then what is lost by the
change). Thus, the proposed solution cannot be locally optimal.

Example 6.2 Let A = {(¢,¢4+ 1) 7 =1,...,n— 1}. The graph is acyclic and the optimal solution
contains all the n—1 arcs. However, the permutation (n—1,n,n—3,n—2,...,5,6,3,4,1,2) is locally
optimal, and induces the subgraph with the n/2 arcs (n—1,n),(n—3,n-2),...,(5,6),(3,4),(1,2).
Any local change in the permutation may add at most one arc but will surely loose one arc as well.

Algorithm 6.3 Apply local search with V, defined as follows: ©' € V. if for some j < k, ©’ =

(ﬂ-lv ey g1 Ty Ty ooy Th—1, T35 Th41, )

In other words, 7’ is obtained from 7 by swapping two vertices. For example, the permutation
(1,6,3,4,5,2,7) is in the neighborhood of (1,2,3,4,5,6,7).

Algorithm 6.3 is a 0.5 approximation. We prove this claim by showing that any solution that
contains less then one half of the total arc weight cannot be induced by a locally optimal per-
mutation. It is sufficient to show that the weight of the subgraph induced by a locally optimal



permutation, 7, is at least as good as the subgraph induced by the reverse permutation, 7 (since
the sum of the two is equal to the total arc weight in ). The reverse permutation, T can be
obtained from 7 by a sequence of n/2 swaps: First swap 7(1) and 7(n), then 7(2) with 7(n — 1),
and so on. The effect of the second swap on the weight of the induced subgraph is independent of
the first swap because it only affects arcs whose two ends are different from both 7(1) and 7(n).
Similarly, each successive swap affects the solution in the same way as it will affect it if we do it
directly on the original permutation 7. Since 7 is a local maximum, none of these swaps increases
the induced subgraph’s weight. This proves our claim.

Example 6.4 Consider again Example 6.2. The permutation described there is also locally optimal
with respect to Algorithm 6.3.

Even if we allow a larger neighborhood in which up to k& swaps are allowed for some fixed £,
an extension of Example 6.2 still applies: Let V = V3 U Vo U ... U Vyy, where |V;| = m >> k for
t=1,...,2(. From each vertex in V;, for ¢ even, there are arcs going to all of the m vertices in V;14.
From each vertex in V;, for 7 odd, there are m — k arcs going to vertices in V;1q. These arcs are
selected so that for a vertex in V;, ¢ even, there are exactly m — k arcs entering from V;_;. The
graph is acyclic and has ¢m? + {m(m — k) arcs. Consider a permutation such that the vertices
from each V; are consecutive, and the order of the sets is Vos_1, Var, Vor_s, Vos_o, ..., V3, V4, V1, Vo.
From each vertex in V;, ¢ even, the solution induced by the permutation contains all of the m arcs
leaving it. The solution contains none of the arcs going from V; to V1 for ¢ odd. Thus it contains
{m arcs, which is about one half of the optimal value. Any change of location of any single index
entails a loss of at least k arcs. Hence, by relocating no more than k£ vertices no gain is possible.

Acknowledgement: The proof that Algorithm 6.3 is a 0.5 approximation is due to Nili Gutman.
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